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Burbea.
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1. Introduction
It iswell known that nonlinear analysis,whose notions and techniques provide appropriate tools to developmore realistic
and accurate models describing world phenomena, is characterized by a remarkable mixture of analysis, topology and
applications. Many types of nonlinear problems can be effectively solved by the use of nonlinear transforms which can be
connected to analyticity of functions. Establishing the relations between nonlinear transforms and analyticity of functions,
both of which are very basic in mathematics, yielded many beautiful results and attracted a great deal of attention.
First, Lebedev and Milin ([1], see also [2]) worked on the question how to turn information about the coefficients dn(f )
of the function
ln
f (z)
z
=:
∞−
n=1
dnzn
into information about the coefficients of f itself. By the use of the Cauchy–Schwarz inequality, they discovered that, if
ψ(z) =∑∞n=0 bnzn with b0 = 1 has a positive radius of convergence, then the same is true forϕ(z) := lnψ(z) =∑∞n=1 anzn,
and the following relation between the coefficients is valid
∞−
n=0
|bn|2 ≤ exp
 ∞−
n=1
n|an|2

. (1.1)
Later, a more general result was obtained by Burbea [3], where some norm inequalities of exponential type for holomorphic
functions and their applications in the theory of entire functions and functions holomorphic in the unit diskwere considered.
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Burbea’s proofs were based on the ideas of both Aronszajn [4] (see also [5]) and Milin [2]. Burbea’s result provided a shorter
proof for a similar inequality on holomorphic functions in the unit disk, which was previously proved by Burbea in [6] and
a more special case of it was first proved by Saitoh [7].
Next, in connection with the analytic functions
∞−
n=0
dnzn, dn are complex numbers,
Saitoh [8] considered the following nonlinear transform
ϕ : f ∈ HK (E) −→
∞−
n=0
dn(z)[f (z)]n, (1.2)
in the framework of a Hilbert space HK (E) admitting a reproducing kernel K(z, w) on an arbitrary nontrivial abstract set E
and {dn(z)} are any complex-valued functions on E. By studying various operators in Hilbert spaces, such as sums, products
and restrictions of reproducing kernels (see [4,5,9]), Saitoh showed that the images ϕ(f ), f ∈ HK (E), belong to a Hilbert
spaceHwhich is naturally determined by the nonlinear transform ϕ and there exists a natural norm inequality between the
two norms ‖ϕ(f )‖H and ‖f ‖HK .
In this paper, we would like to present some extensions and generalizations of the above results. First of all, we focus
on some inequalities for a nonlinear transform for holomorphic functions which extend Burbea results. Then we generalize
some Saitoh’s inequalities obtained in various weighted spaces. The main tool we shall use to derive our results utilizes the
Hölder’s inequality, and so the proofs are straightforward.
Throughout the paper, we always assume that p > 1 and p−1 + q−1 = 1. LetΩ be either an interval in R or a domain in
C. Let∆r denote the disk with center at the origin and radius r in C. H(Ω) stands for the class of all holomorphic functions
onΩ ⊂ Cwhile ABS(Ω) denotes the set of all real-valued and absolutely continuous functions onΩ ⊂ R.
2. Nonlinear transform for holomorphic functions
Throughout the paper, we consider the nonlinear transform
ϕ(f ) =
∞−
n=0
dn[f (z)]n. (2.1)
In this section, we assume that f ∈ H(∆r). The method of the proofs presented here is based on the ideas of Nhan and
Duc [10], Burbea [6] and Milin [2].
For a weight
ρ(z) =
∞−
n=0
ρnzn, ρn > 0, n ≥ 0, (2.2)
being holomorphic in∆r we define a normed space
ℓp(ρ) =

f ∈ H(∆r) : f (z) =
∞−
n=0
anzn,
∞−
n=0
|an|p
ρ
p−1
n
<∞

equipped with the norm
‖f ‖ρ =
 ∞−
n=0
|an|p
ρ
p−1
n
 1
p
. (2.3)
We introduce a new function
ω(z) =
∞−
n=0
|dn|[ρ(z)]n, z ∈ ∆r , (2.4)
in the sense of convolution product
[ρ(z)]n =
∞−
m=0
 −
n0+···+nm=n
ρn0 · · · ρnm

zm, n ≥ 1,
where nj ≥ 0, j = 0, 1, . . . ,m, are integers. Direct computation shows that the coefficients of the expansion
ω(z) =
∞−
n=0
ωnzn
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satisfy
ωn =
∞−
m=0
|dm|
 −
n0+···+nm=n
ρn0 · · · ρnm

. (2.5)
Now, the new function ω determines another normed space ℓp(ω) of functions
g(z) =
∞−
n=0
bnzn, z ∈ ∆r , (2.6)
holomorphic in∆r , with ‖g‖ω <∞, where
‖g‖ω =
 ∞−
n=0
|bn|p
ω
p−1
n
1/p
. (2.7)
Let f ∈ ℓp(ρ)with
f (z) =
∞−
n=0
anzn, z ∈ ∆r , (2.8)
and
g(z) =
∞−
n=0
bnzn = ϕ(f ) =
∞−
n=0
dn[f (z)]n, z ∈ ∆r . (2.9)
Then, as in (2.5),
bn =
∞−
m=0
dm
 −
n0+···+nm=n
an0 · · · anm

. (2.10)
By Hölder’s inequality, we have −n0+···+nm=n an0 · · · anm
 ≤
 −
n0+···+nm=n
|an0 |p
ρ
p−1
n0
· · · |anm |
p
ρ
p−1
nm
1/p  −
n0+···+nm=n
ρn0 · · · ρnm
1/q
and so
|bn|p ≤ ωp−1n
∞−
m=0
|dm|
−
n0+···+nm=n
|an0 |p
ρ
p−1
n0
· · · |anm |
p
ρ
p−1
nm
.
Therefore,
∞−
n=0
|bn|p
ω
p−1
n
≤
∞−
n=0
∞−
m=0
|dm|
−
n0+···+nm=n
|an0 |p
ρ
p−1
n0
· · · |anm |
p
ρ
p−1
nm
=
∞−
m=0
|dm|
∞−
n=0
−
n0+···+nm=n
|an0 |p
ρ
p−1
n0
· · · |anm |
p
ρ
p−1
nm
=
∞−
m=0
|dm|
 ∞−
n=0
|an|p
ρ
p−1
n
m
.
This concludes the proof of the following theorem.
Theorem 2.1. Let f ∈ ℓp(ρ) such that
∞−
n=0
|dn|‖f ‖npρ <∞, (2.11)
then ϕ(f ) ∈ ℓp(ω) and
‖ϕ(f )‖pω ≤
∞−
n=0
|dn|‖f ‖npρ . (2.12)
In particular,
‖ exp f ‖pω ≤ exp ‖f ‖pρ . (2.13)
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Remark 2.2. We can determine the case making the equality holds in Theorem 2.1. Namely, for dm > 0,m = 0, 1, 2, . . . ,
the equality holds here if and only if
an = ρnζ n, ζ = a0ρ−10 ; n = 0, 1, 2, . . . . (2.14)
The proof is as in [10].
Now, for the function
ρ(z) = ln 1
(1− z)α , z ∈ ∆1, α > 0,
we have
ρ(z) = α
∞−
n=1
zn
n
, z ∈ ∆1.
Let us consider
ω(z) = 1
(1− z)α =
∞−
n=0
dn(α)zn,
where
dn(α) = Γ (α + n)
Γ (α)n! , n = 0, 1, 2, . . .
Theorem 2.1 yields the following corollary.
Corollary 2.3. For the exponential transform
∞−
n=0
bnzn = exp
 ∞−
n=1
anzn

the following inequality holds
∞−
n=0
[dn(α)]1−p|bn|p ≤ exp

1
α
∞−
n=1
np−1|an|p

. (2.15)
Equality holds if and only if an = αn−1ζ n, n ≥ 1.
Remark 2.4. Corollary 2.3 generalizes the basic exponential inequalities developed by Burbea [6], Saitoh [7], and Lebedev
and Milin [1] (see also [11]).
Remark 2.5. Let c = {cj}∞j=1 ∈ ℓp, we consider the nonlinear transform of ℓp
ϕ(c) =
∞−
n=0
dncn (dn : constants ) (2.16)
in the sense of Hadamard’s product
cn = {cnj }∞j=1.
Then, for any weight sequence of strictly positive numbers ρ = {ρn}∞n=0 such that
|ρ| =
∞−
n=1
ρn <∞,
we also have the inequality
|d0|p
ρ
p−1
0
+ 1|ρ|p−1
∞−
j=1
 ∞−
n=1
dncnj

p
≤
∞−
n=0
|dn|p
ρ
p−1
n
 ∞−
j=1
|cj|p
n
. (2.17)
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Indeed, by using Hölder’s inequality and by interchanging the order of summation, we directly obtain
∞−
j=1
 ∞∑
n=1
dncnj
p ∞∑
n=1
ρn
p−1 ≤ ∞−
j=1
∞−
n=1
|dn|p
ρ
p−1
n
|cj|pn
=
∞−
n=1
|dn|p
ρ
p−1
n
∞−
j=1
|cj|pn
≤
∞−
n=1
|dn|p
ρ
p−1
n
 ∞−
j=1
|cj|p
n
.
3. Weighted Sobolev space on half line
LetΩ = [a, b) for 0 ≤ a < b ≤ ∞. For a positive continuous weight ω onΩ , we denote
WωΩ =

f ∈ ABS(Ω) : f (a) = 0,
∫ b
a
|f ′(x)|pω(x)dx <∞

,
a weighted Sobolev space of functions f , real-valued and absolutely continuous onΩ , f (a) = 0, with the norm
‖f ‖ω =
∫ b
a
|f ′(x)|pω(x)dx
 1
p
. (3.1)
In the case of ω ≡ 1, this space is denoted byWΩ .
Let us consider the nonlinear transform (2.1) inWωΩ . For a new weight
γ (x) = ω(x) exp {(1− p)ρ(x)} , (3.2)
where
ρ(x) =
∫ x
a
ω−1(s)ds (3.3)
we determine a norm of ϕ(f ) as follows
‖ϕ(f )‖γ =

|d0|p +
∫ b
a
|ϕ(f )′(x)|pγ (x)dx
 1
p
. (3.4)
The main theorem in this section is the following.
Theorem 3.1. Let f ∈ WωΩ . The following inequality holds
‖ϕ(f )‖pγ ≤
∞−
n=0
|dn|p(n!)p−1‖f ‖npω . (3.5)
In particular,
‖ exp f ‖pγ ≤ exp{‖f ‖pω}. (3.6)
Before proving our key result, let us first exhibit two corollaries which generalize some Saitoh’s inequalities for nonlinear
transforms [5,12,9].
Corollary 3.2. For a > 0 and f ∈ W x[a,b), we have
ap−1
∫ b
a
f (x)n′p x2−pdx ≤ (n!)p−1 ∫ b
a
|f ′(x)|pxdx
n
(3.7)
and
1+ ap−1
∫ b
a
{exp f (x)}′p x2−pdx ≤ exp
∫ b
a
|f ′(x)|pxdx

. (3.8)
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Corollary 3.3. The inequalities∫ ∞
0
f (x)n′p e(1−p)xdx ≤ (n!)p−1 ∫ ∞
0
|f ′(x)|pdx
n
(3.9)
and
1+
∫ ∞
0
{exp f (x)}′p e(1−p)xdx ≤ exp
∫ ∞
0
|f ′(x)|pdx

(3.10)
hold for f ∈ W[0,∞).
Proof of Theorem 3.1. Since f is absolutely continuous with f (a) = 0, we have
f (x) =
∫ x
a
f ′(s)ds, x ∈ [a, b).
By using Hölder’s inequality, we obtain
|f (x)| ≤
∫ x
a
ω−1(s)ds
 1
q
∫ x
a
|f ′(s)|pω(s)ds
 1
p
= [ρ(x)] 1q
∫ x
a
|f ′(s)|pω(s)ds
 1
p
,
and therefore, ∞−
n=1
ndn[f (x)]n−1

p
≤
 ∞−
n=1
n|dn|[ρ(x)] n−1q
∫ x
a
|f ′(s)|pω(s)ds
 n−1
p
p
≤ ω(x)
γ (x)
∞−
n=1
|dn|p(n!)p−1n
∫ x
a
|f ′(s)|pω(s)ds
n−1
.
Hence,
|ϕ(f )′(x)|pγ (x) ≤ |f ′(x)|pω(x)
∞−
n=1
|dn|p(n!)p−1n
∫ x
a
|f ′(s)|pω(s)ds
n−1
=
 ∞−
n=1
|dn|p(n!)p−1
∫ x
a
|f ′(s)|pω(s)ds
n′
.
By letting
G(x) =
∞−
n=1
|dn|p(n!)p−1
∫ x
a
|f ′(s)|pω(s)ds
n
we have
G(a) = 0, G(b) =
∞−
n=1
|dn|p(n!)p−1‖f ‖npω
and so
|d0|p +
∫ b
a
|ϕ(f )′(x)|pγ (x)dx ≤ |d0|p +
∫ b
a
G′(x)dx
=
∞−
n=0
|dn|p(n!)p−1‖f ‖npω .
Thus the Theorem is proved. 
Remark 3.4. By the same way, but replacing γ by
λ(x) = ω(x)
 ∞−
n=1
n[ρ(x)]n−1
1−p
(3.11)
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we can establish
‖ϕ(f )‖λ ≤
∞−
n=0
|dn|p‖f ‖npω . (3.12)
In particular, the inequality
‖ exp f ‖pλ ≤ exp{‖f ‖pω} (3.13)
holds for f ∈ WωΩ .
Corollary 3.5. For f ∈ W[0,∞), we have∫ ∞
0


1− [f (x)]N
1− f (x) f (x)
′
p 
1− xN
1− x x
′1−p
dx ≤ 1−
∞
0 |f ′(x)|pdx
N
1− ∞0 |f ′(x)|pdx
∫ ∞
0
|f ′(x)|pdx. (3.14)
In particular, for f ∈ W[0,1) satisfying
0 <
∫ 1
0
|f ′(x)|pdx < 1,
we have the inequality, by letting N →∞,∫ 1
0
 f (x)1− f (x)
′p (1− x)2(p−1)dx ≤
 1
0 |f ′(x)|pdx
1−  10 |f ′(x)|pdx . (3.15)
Remark 3.6. The referee has pointed out that inequality (3.15) has been obtained independently by Yamada in [13].
Remark 3.7. In many cases, the weight can be defined dependent on {dn}. For instance, if we define
ν(x) = ω(x)
 ∞−
n=1
n|dn|[ρ(x)]n−1
1−p
(3.16)
and
‖ϕ(f )‖ν =

|d0| +
∫ b
a
|ϕ(f )′(x)|pν(x)dx
 1
p
, (3.17)
then, we also obtain
‖ϕ(f )‖ν ≤
∞−
n=0
|dn|‖f ‖npω . (3.18)
In particular, the inequality
‖ exp f ‖pν ≤ exp{‖f ‖pω} (3.19)
also holds for f ∈ WωΩ .
4. The Sobolev space
We shall examine the Sobolev space S1p on R of real-valued and absolutely continuous functions f (x)with the norm
‖f ‖S1p =
∫ ∞
−∞
|f ′(x)|p + |f (x)|p dx 1p <∞. (4.1)
For the nonlinear transform (2.1) in S1p , we have the following theorem.
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Theorem 4.1. The following inequality holds
‖ϕ(f )‖p
S1p
≤ C
∞−
n=1
|dn|‖f ‖pnS1p , (4.2)
provided
C :=
 ∞−
n=1
n|dn|

2
q
n−1p−1
<∞.
Proof. We first observe that
|f (x)| =
∫ x−∞[f (y)+ f ′(y)]ey−xdy

≤

2
q
 1
q
∫ x
−∞
|f (y)|p + |f (y)|p dy 1p .
Therefore,
 ∞−
n=1
dn[f (x)]n
′
p
+
 ∞−
n=1
dn[f (x)]n

p
≤ (|f ′(x)|p + |f (x)|p)
 ∞−
n=1
n|dn||f (x)|n−1
p
≤ C(|f ′(x)|p + |f (x)|p)
∞−
n=1
n|dn|
∫ x
−∞
|f (y)|p + |f (y)|p dyn−1
and so

 ∞−
n=1
dn[f (x)]n
′
p
+
 ∞−
n=1
dn[f (x)]n

p
 ≤ C
 ∞−
n=1
|dn|
∫ x
−∞
|f (y)|p + |f (y)|p dyn′ . (4.3)
Taking integration of both sides of (4.3) with respect to x from−∞ to∞, we arrive at the desired inequality. 
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